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Learning Outcomes

-

Formulas for Grad, Div, Curl, and the Laplacian

Cartesian (x, y, 2)

i, j, and k are unit vectors
in the directions of
increasing x, y, and z
P,Q,and R zre the
scalar components of
F(x, y, 2) in these

The Fundamental Theorem of Line Integrals

1. Let F=Pi+(Qj+ Rk be a vector field whose components are
continuous throughout an open connected region [J in space. Then
there exists a differentiable function / such that

()f df df
Vf =% l ()_y dZ zK

if and only if for all points A and Bin D the value of fABF + dr is inde-
pendent of the path joining A to Bin D.

2. If the integral is independent of the path from A to B, its value is

B
A F-dr = f(B) — f(A).

Green’s Theorem (Tangential Form) Eff VxF- I;dxdy = Eﬁ F- d;J
R

directions.

. df ()f df
Gradient Vf PPl @J + dzk
Divergence | \/ . F = oP 90 IR

ox Jdy 02
i j k
S P}
Curl VXF= ox 3y oz
P Q R
72 72 72
Laplacian | Vif = £ + - fz + i

az

Green’s Theorem (Normal Form) [ffv-fdxdy - Eﬁﬁ"—’ ds J
R
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“ 9 .o _ (0 0 0
A “Meta” Vector: V‘(ax' 3y az) TBD

. a o 0
e (Consider a “meta” vector V = ( ,—,
dx 0y 0z

a vector F = (P(x,y,2),Q(x,y,2),R(x,y,2)).

), a function f = f(x,y,z) and

We can define the following: V:nabla
« Gradient:

o = (G2 = (L) = ()

* Curl (a Cross product of I and 13):

ik
o 0 0

VxF = =(R,-O.,P.—-R.,0 -P
ax 8)/ 82 ( y QZ z X Q y)
P O R

* Divergence (a Dot product of V and 13):

VeF=(P,+0,+R.)
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Curl: 2D Version, V = (aax,aay,aaz)

Curl (a Cross product of 7 and F, F = (P(x,y), Q(x, ), 0).

i ] k
5 0 0 0
VXF = % o0 By a2
P(x,y) Q(x,y) O
0 0 0 0 0 0
=i| dy 0z|—Jj| dx 9z|+k| ox 42 9y
Qx,y) O P(x,y) 0 P(x,y) Q(x,y)

—0Q(x,y) . O0P(x,y) d0Q(x,y) O0P(x,y)
l 0z T 0z +k( ox dy )

= k(Qx — y) = (0, 0,0, — y) one non-zero component
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Curl: 2D Version

Curl (a Cross product of 7 and F)

i] ................ k

VXF = I I a
| me» w

P(x,y) Q(xy) ©

= k(Qx - y)
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Divergence: 2D Version

Divergence (a Dot product of VV and 13)

V'ﬁz(aax’ai)'(P'Q)

_(9P(x,y) 00Q(x,y)
_( d0x T dy )
=Px+Qy

0 9]

P(x,y) Q(x,y)
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Divergence and Curl: 2D Version

Divergence (a Dot product of ¥V and 13) Curl (a Cross product of V and 13)

. /9 0 -
F= . VXF = k(Qx — P,)
voE (ax’ay) (P, Q) Y
3 (aP(x, y) 00(x, y))
= +
dx dy
= P, + Qy
i j k
- ai ai VXF = 0 0 I
v-E= & 3 | x40 3y 0z
P(x,y) Q) P(x,y) Q(x,y) O
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Webassign

We define a meta vector as follows: V = (i, i ),
Ox 0y

and have f(x,y) and F = (P(x,y), Qx,yY).

(@) Find the gradient of f(x,y), Vf = (

(b) Compute the curl of Fas a cross product of V and F, V x 7-" =

(c) Compute the divergence of Fas a dot product of V and F, V- ;-" =

e equation here.

x

4

I

N

Qx_y )
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Curl: 2D Version

P(x,y) Q(x,y) O

= k(Qx - y)

F = (2y,—2x) = (P, Q)

P =2y P, =2
Q=—2x Qx = —2
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A “Meta” Vector: V = (i,i)

dx dy

e Consider a “meta” vector V7 = (:—x,%), a function f = f(x,y) and a

vector F = (P(x,y),0(x,y))

We can define the following: V:nabla

« Gradient:
J _ (9 9F) _
Vf = (ax By)f_(ax'ay)_(fx'fy)
* Curl (a Cross product of I and 13):

i j k
S 0 9] 9]
VXF = a @ a_Z = k(Qx — Py)
P(x,y) Q(x,y) 0

* Divergence (a Dot product of V and ﬁ):

V'ﬁ_(ax aa) (P,Q) = P+ Qy
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Flows: Divergence vs. Convergence

velocity

position e, D @) Ca, )

Let velocity F be the vector field, F = (|x],0), i.e.,

. F= (x,0) for x = 0 and
. F= (—x,0) forx < 0.

V-F = P, +Q, =1> 0,divergence for x > 0

V-F=P + Q, = —1 < 0, convergence for x < 0 traffic jam
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Flows: Curl and “Shear”

Velocity displacement a stick at a stick at
att=1 t=0 t=1
> 5 unit
3 3 unit
1 Tunit

.« F=(U,V)=(y,0)

« Curl:V, —U, =0—-1<0, negative (clockwise)
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aa S e e 8 L - EE s e Y
7 L7 > > 7 7. : H
B —s s 7 A | G negative
S\ > T T \ I+o.03
I A ‘. N = =t AN, +0.02
'S 0t 3 «— - - —_ - - e ~ - — . +0.01
= N ‘ A F & L " o ' -0.01
/ -0.02
s -7~ ~» L | N @ 7 I-o.03
i .y
L U/// — L L positive
—
W \\,—Vﬁﬁﬁ A _— \____9_.—)__)__9__—92/7 Sms’!

(Rotunno et al.)

Hawaiian Vorticities
(Shen et al. 20006)

AASSSRRERR S e

160W 159w 158W 157w

Figure 3. Simulations of the Hawaiian Vortices initialized
at 0000 UTC 1 September 2004. (a) 36 h simulation and
(b) 48 h simulation.
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