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A “Meta” Vector: 𝛻 = !
!"
, !
!#
, !
!$

• Consider a “meta” vector 𝛻 = !
!"
, !
!#
, !
!$

, a function 𝑓 = 𝑓 𝑥, 𝑦, 𝑧  and 
a vector 𝐹 = 𝑃(𝑥, 𝑦, 𝑧), 𝑄(𝑥, 𝑦, 𝑧), 𝑅(𝑥, 𝑦, 𝑧) .

We can define the following:
• Gradient:  

  ∇𝑓 = !
!"
, !
!#
, !
!$

𝑓 = !%
!"
, !%
!#
, !%
!$

= 𝑓" , 𝑓# , 𝑓$

• Curl (a Cross product of 𝛻 and �⃗�):

• Divergence (a Dot product of 𝛻 and �⃗�):
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𝛻: 𝑛𝑎𝑏𝑙𝑎
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Curl: 2D Version, 𝛻 = !
!"
, !
!#
, !
!$

 

∇×�⃗� =

𝑖 𝑗 𝑘
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𝜕
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𝑃 𝑥, 𝑦 0
+ 𝑘
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𝑃(𝑥, 𝑦) 𝑄(𝑥, 𝑦)
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𝜕𝑥 −

𝜕𝑃(𝑥, 𝑦)
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= 𝑘 𝑄" − 𝑃#

• Curl (a Cross product of 𝛻 and	�⃗�, �⃗� = 𝑃(𝑥, 𝑦), 𝑄(𝑥, 𝑦), 0 .   

one non-zero component = 0, 0, 𝑄" − 𝑃#
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∇×�⃗� =

𝑖 𝑗 𝑘
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𝜕
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𝑃(𝑥, 𝑦) 𝑄(𝑥, 𝑦) 0

Curl: 2D Version 

= 𝑘 𝑄" − 𝑃#

Curl (a Cross product of 𝛻 and �⃗�)
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Divergence: 2D Version 

∇ 6 �⃗� =
𝜕
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𝜕
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Divergence  (a Dot product of 𝛻 and	�⃗�)

= 𝑃" +𝑄#
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Divergence and Curl: 2D Version 

∇ 6 �⃗� =
𝜕
𝜕𝑥 ,

𝜕
𝜕𝑦 6 𝑃, 𝑄
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𝜕𝑄(𝑥, 𝑦)
𝜕𝑦

Divergence  (a Dot product of 𝛻 and	�⃗�)

= 𝑃" +𝑄#

∇ 9 �⃗� =
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∇×�⃗� =

𝑖 𝑗 𝑘
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𝑃(𝑥, 𝑦) 𝑄(𝑥, 𝑦) 0

∇×�⃗� = 𝑘 𝑄" − 𝑃#

Curl (a Cross product of 𝛻 and �⃗�)
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Webassign

Type	equation	here.Type	equation	here.

𝑄" − 𝑃#
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∇×�⃗� =

𝑖 𝑗 𝑘
𝜕
𝜕𝑥

𝜕
𝜕𝑦

𝜕
𝜕𝑧

𝑃(𝑥, 𝑦) 𝑄(𝑥, 𝑦) 0

Curl: 2D Version 

= 𝑘 𝑄" − 𝑃#

�⃗� = 2𝑦,−2𝑥 = (𝑃,𝑄)

𝑃 = 2𝑦 𝑃# = 2
𝑄 = −2𝑥 𝑄" = −2

∇×�⃗� = 𝑘 𝑄" − 𝑃# = (−4)𝑘
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A “Meta” Vector: 𝛻 = !
!"
, !
!#

• Consider a “meta” vector 𝛻 = !
!"
, !
!#

,	a function 𝑓 = 𝑓 𝑥, 𝑦  and a 
vector �⃗� = 𝑃(𝑥, 𝑦), 𝑄(𝑥, 𝑦)

We can define the following: 
• Gradient:  

  ∇𝑓 = !
!"
, !
!#

𝑓 = !%
!"
, !%
!#

= 𝑓" , 𝑓#

• Curl (a Cross product of 𝛻 and �⃗�):

• Divergence  (a Dot product of 𝛻 and �⃗�):

∇×�⃗� =

𝑖 𝑗 𝑘
𝜕
𝜕𝑥

𝜕
𝜕𝑦

𝜕
𝜕𝑧

𝑃(𝑥, 𝑦) 𝑄(𝑥, 𝑦) 0

= 𝑘 𝑄" − 𝑃#

∇ 9 �⃗� =
𝜕
𝜕𝑥
,
𝜕
𝜕𝑦

9 𝑃, 𝑄 = 𝑃" + 𝑄#

𝛻: 𝑛𝑎𝑏𝑙𝑎
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Flows: Divergence vs. Convergence

• �⃗� = 𝑥, 0  for 𝑥 ≥ 0 and 
• �⃗� = −𝑥, 0  for 𝑥 < 0.

∇ ⋅ �⃗� = 𝑃" + 𝑄# = 1 > 0,	divergence for 𝑥 > 0 

∇ ⋅ �⃗� = 𝑃" + 𝑄# = −1 < 0,	convergence for 𝑥 < 0 traffic jam 

5 3 1 1 3 5

Let velocity �⃗� be the vector field, �⃗� = 𝑥 , 0 ,	i.e., 

position

velocity
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Flows: Curl and “Shear”

5

3

1

• �⃗� = (U, V) = 𝑦, 0

Velocity 

• Curl: 𝑉" − 𝑈# = 0 − 1 < 0,	 negative  (clockwise)

displacement 
at t = 1 

5 unit

3 unit

1unit

a stick at 
t = 0

a stick at 
t = 1
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negative

positive

Hawaiian Vorticities
(Shen et al. 2006)

(Rotunno et al.)




